A *-algebra SI of linear operators with a common invariant dense domain & in a Hilbert space is studied relative to the order structure given by the cone Sl + of positive elements of SI (in the sense of positive sesquilinear form on &) and the p-topology defined as an inductive limit of the order norm p A (of the subspace SI X with A as its order unit) with A eSl + . In particular, for those SI with a countable cofinal sequence A, in ST + such that AT 1 eSI, the ,0-topology is proved to be order convex, any positive elements in the predual is shown to be a countable sum of vector states, and the bicommutant within the set B(&, &) of continuous sesquilinear forms on 3f is shown to be the ultraweak closure of SI. The structure of the commutant and the bicommutant are explicitly given in terms of their bounded operator elements which are von Neumann algebras and the commutant of each other. § 1. Introduction Our aim in this paper is to develop a theory of a certain class of *-algebras 91 of linear operators with a common invariant dense domain 2 in a Hilbert space 3? in parallel with theory of von Neumann algebras as a continuation of [7]. (Also see [14] .) The set B(&, <&) of all continuous sesquilinear forms on @ (the continuity relative to the collection of norms @ 3 x»-> ||^4x|[, A e 91) plays the role of the set L(j^) of all bounded linear operators on 3? in theory of von Neumann algebras. For those 91 satisfying Condition I described below, we can give the decomposition of continuous linear forms into positive components, i.e. the strong normality of the positive cone 9l + , the description of positive elements in the predual of 91 and the notion of commutant, for which the bicommutant coincides with the ultraweak closure.
§ 1. Introduction Our aim in this paper is to develop a theory of a certain class of *-algebras 91 of linear operators with a common invariant dense domain 2 in a Hilbert space 3? in parallel with theory of von Neumann algebras as a continuation of [7] . (Also see [14] .) The set B(&, <&) of all continuous sesquilinear forms on @ (the continuity relative to the collection of norms @ 3 x»-> ||^4x|[, A e 91) plays the role of the set L(j^) of all bounded linear operators on 3? in theory of von Neumann algebras. For those 91 satisfying Condition I described below, we can give the decomposition of continuous linear forms into positive components, i.e. the strong normality of the positive cone 9l + , the description of positive elements in the predual of 91 and the notion of commutant, for which the bicommutant coincides with the ultraweak closure.
Under weaker Condition I 0 or IQ, also described below, structure of the commutant and bicornmutant (both of which actually satisfy Condition I) can be analyzed. for some 1^0 and all x E @ is denoted by 2l x and the infimum of k is denoted as p A (T) or \\T\\ A . The locally convex inductive limit topology (Chapter II §6 [13] ) for the system of normed spaces (21^, PA) * s the p-topology of 21 introduced and studied in [10] . (Note that 21= W 21^.)
AeW
In the present paper, we consider only countably dominated 21, i.e. we assume the existence of a sequence A n E$l + , A n^l which is cofinal in 2l + , i.e. we may choose a monotone increasing sequence A n e^l satisfying 21 = W 2l Xn n except that the countability is not essential in the result on structure of 21' and 21". As already noticed in [10] , all positive linear maps of 21 into another space of the same type decreases the p-norms and hence is automatically continuous; in particular, the p-norms are preserved under an isomorphism (preserving linear and order structure) in analogy with C*-norms. We also note that (21, p) is a separated, bornologic DF space*, for which the strong dual 5l p of (21, p) is a Frechet space. A further condition on 21 on which we focus our attention in this paper is the following : Condition I. There exists a cofinal sequence A n in 2l + such that A n^. l and Actually our structure result holds under the following weaker condition: and A n Q) = @. 23 is a subspace (by which we always mean a linear subset) of >) satisfying the following:
(1) 23 is symmetric, i.e. £e23 implies £*e23 where j8*(x, y) = P(y, x), the bar denoting the complex conjugate.
(2) fie® implies A n pA n e& and A^pA^eto where (CpD)(x, y) = P(Dx, C*y).
(3) The set S id of all bounded operators B in ©(i.e. /?(x, y) = (Bx, y) 6 93) is an algebra containing 1.
In Section 2, we describe definitions of basic notion in our study. The terminology is then used to describe main results in Section 3 in the form of Theorems and Corollaries. Their proof will be given in subsequent sections. § 2 8 Basic Notation
In the present paper we shall be concerned with linear operators (not necessarily bounded) A defined on a dense linear subset ^ of a Hilbert space jf. The closure of A will be denoted by A, the adjoint of A by A* and, if Dom A 4. 91 is unital, i.e. 1 e 91.
We shall assume below that 91 is countably dominated (see Section 1). We shall always equip 2 with the topology given by the collection of semi-norms x->||^4x||, ^4 e 91, where we may take a monotone increasing sequence of seminorms \\A n x\\ (Lemma 4.2).
The completion @ of Si is (Lemma 3.6, [12] ) (2.1) 0 = n Dom^.
Semi-norms in & are given by ^ e x»-> \Ax\ for A E 91. Without loss of generality (Lemma 4.3) we may and do assume the completeness of ^ :
The set of all continuous sesquilinear forms on 2 will be denoted by B(0 9 <&). For /?eJ3(^, ^), the continuity implies the existence of A e 91 such that for some constant M and all x, y E & 9 (2.3) \p(x,y)\^M\\Ax\\ \\Ay\\.
It is equivalent to the existence of some M'( ^ M) satisfying
for all x e Si. Therefore a confinal sequence in 9l + is also cofinal in
We define A subset 5 is called order convex if x, y e S and x ^ z :g j; implies zeS. If a topology can be generated by order convex sets, the topology is called order convex. This is equivalent in a topological vector space the so-called normality of the positive cone 9I + . (For example, Chapter 5, §3, 3.1 [13] .) This property is shown in Theorem 1 for a *-algebra 91 satisfying Condition I, its ultraweak closure and some other cases.
The . However the strong topology on B(@, &} induced by @®@ has been shown to coincide with p so far only under the condition that @ is quasinormable. See Proposition 7 (1°) in [9] .) The map co induces a topological isomorphism of the predual of 91 onto the Frechet space ^®^~/9t° (Proposition 7.2) where 91° is the polar of 91 in the duality <^®^, B (@, &) for any bounded increasing net T a in 93 + . We shall determine in Theorem 2 a form of such cp on the ultraweak closure of a *-algebra satisfying Condition I. Together with Corollary la, it gives a concrete description of elements in the predual.
The commutant 91' of a *-algebra 91 is the subspace of B(& 9 @) consisting of all $EB(@, &) satisfying fi(Ax, y) = P(x, A*y) for all A E 91 and x, ye@.
If an 21 satisfies Condition I, then 81' is a * -algebra over Si in the sense that any /Je2T can be written as /?(x, y) = (Bx, y) with B@c:& and ITs form a *-algebra over ^ as defined eariler, except that 2 is not complete relative to the topology induced by 2T. The same conclusion can be achieved under Condition I 0 or IQ. In either case 21 ' satisfies Condition I.
We shall define the bicommutant 21" as the commutant of 2T within B(0, <&). We may consider the commutant (2T, D)' of 21' in the earlier sense, namely within B(D, D) for the completion D of 2 relative to the topology on & induced by 21'. It is smaller than 21" in general. We shall clarify in Theorem 3, the structure of 21', 21" and (21', D)'.
Another topology called the A-topology on a *-algebra 21 on @ has been introduced in [10] . We define for Te 21 and O^A e 21, ; M (T) = sup {|| Tx\\l\\Ax\\ : x 6 #, || Tx|| + \\Ax\\ ^0} where we define a/Q = 4-oo > b for any a >0 and real b, and WI A denotes the set of all Te 21 with k A (T) < oo. Then the /l-topology is the inductive limit topology of 21 = w {3JI A : 0 7^ A e 21} for the system of normed spaces (WI A , h A ). In general, the /Utopology is known to be different from the p-topology, a typical example being the set L(^) of all operators A such that DomA = @, A@<^@ 9 Dom • A^=>@ and ^4
t^c^. The coincidence of the p and A topologies for 21 has a significance because it is equivalent to the p-continuity of the product ST as a map from 21 x 21 to 21. We shall prove the coincidence of the two topologies for some 21 (Theorem 3 (1)). §3.
Main Results
We describe our main results as theorems in this section, their proof being given in later sections. If 21 is countably dominated, B(@, @) satisfies Condition I and hence all the following results hold for E (2, @) .
This first group of results are about order-convexity of p-topology. Remark, (ii) corresponds to C*-closure and (iii) corresponds to W*-colsure in the case of *-algebras of bounded operators, (i), (ii) and (iii) are actually special cases of (iv) and hence it suffices to prove theorem 1 under (iv). Proof. By Schwarz inequality and the assumption ^4^1,
Therefore || Ax || ^ || x || , which implies In the following, we shall denote B = A~l in the above situation.
Lemma 4.6. // a closable operator T defined on <£ has its range in @, then T is continuous as a map from the Frechet space Qt into itself, where the countable domination and completeness & = & are assumed. For any PEB(&< @) and such operators T, and T 2 , T^ftT 1 (x 9 y) = ft(T l x, T 2 y) is again in
Proof. Since T is closable on tf , it is closed on the Frechet space Q> . 
Then (6.8) \(T lX9 x)\ = \(Th(B)x 9 h(B)x)\
where the last inequality is due to (6.5). Furthermore (6.1) implies ||T"||f or T' = (5 + al)" 
Proof of Theorem 1 (i)-(iii). In all cases (i)-(iii), 23 satisfies Condition II and hence these cases follow from (iv).
Proof of Theorem 1 (iv). The condition 1° of Lemma 6.3 for arbitrary neighbourhood 33 of 0 in (23, p) is the order convexity of the topology p by definition. We shall apply Lemma 6.2 to find a n and show 3° in Lemma 6.3.
Let S3 be a neighbourhood of 0 in (23, p) and A l5 A 2 ,..., A n ,... be as in Lemma 6.3. By Lemma 4.4, we may assume that B n = A^^.\ is monotone increasing. Set »" = » n 23 5n . Then 23 j c 23 2 c --• . By induction on n, we shall find a n > 0 satisfying (6.15) [-a n+1 B n + 1 -A n C n ,a n+1 B n+1 +^CJ 8 = [-C n+1 , C n+1 ] a cz5B n+1 with C n defined by (6.12). Since S3 x is a neighbourhood of 0 in the normed space (33^, p Bl 
For a linear functional (p on 23, cp is ultraweakly continuous if and only if the restriction of<p to [ -A n , A n~] % is ultraweakly continuous for all n. Further, this is the case if and only if the restriction of cp to [ -A n9 A^ is weakly continuous for all n.
Proof. Since weak and ultraweak topology coincide on an equicontinuous set \_ -A n , A n~] % 9 the last two conditions are equivalent. The second condition follows from the first condition by restriction. Thus we have only to show that the last condition implies the first.
Let cp be a linear functional on 93, with its restriction [ -A n , A n~] % being weakly continuous for all n. Let K = ker (p. The set 5^ n [ -A n , A n~] % is weakly closed and hence, by Banach-Diendonne theorem, 5^ is ultraweakly closed, which is the ultraweak continuity of <p. 
Proof. By the Banach theorem on the dual B(&, &)
of the Frechet space, any ultraweakly bounded set is simply bounded on @®@ and, by Corollary 2, Section 5, Chapter 3, [13] , it is equicontinuous and hence is in the polar of a neighbourhoods of 0. Hence [ -/L4 n , A^J^, /l>0 and n = l, 2,..., as polars of a fundamental system of neighbourhoods of 0 in @®Q), is a fundamental system of bounded sets of 93 in ultraweak topology. Proof. By Lemma 4.4, we may assume that A n is monotone increasing,
00
A n^l , A" 1 e2l and A* is also monotone increasing. Since ||X n x|| 2 = X (A*x h co i=l x t )< oo, 3t is included in the right hand side. Let x= X ®*,-be in Dom (n(A n }) »=i for all n. Since the projection P on i-th space tf commutes with n(A n ), Px e
Dom (n(Af)) and hence x t e r\ D(A n ).
By Lemma 4.5, Of is the core of the selfadjoint operator A n for all n. Therefore there exists x in e & such that
Since A* is monotone increasing, we have i Taking a monotone increasing sequence of bounded positive g k (x) converging to x, on [0, oo), we have the estimate
£\\T\\{ E which can be made smaller than any given e>0 for some N due to < oo and S (A$y h y t )< oo. Then
Taking the limit of M-»oo and then e->0, we obtain (7.19)
1=1
Any positive ft in 93 Bn for B n =A* is of the form /?(*, y)=(r^, ^i n j;) with and hence (7.19) implies /(j8)^0 for such j8. for all x, j> e ^. Therefore jB is actually independent of m. Hence
Ae^l
We also note that /? e 2T implies (8.9) J&4 = ^B on S for any A e 91 .
Let fteSl' and ^(x, y) = (P t x 9 y) (/ = 1,2 Proof of modified (2), (6) and (7). The same as proof of Theorem 3. § 10. Abelian Case
We shall discuss the Gelfand transform for abelian case. Proof. By Lemma 10.1, $ is an isomorphism. If Te9l, T^O and TA~l £91^ then A~1TA~1^Q as an element of j/ and hence because % is a character on a C*-algebra jjf .
Remark. Since (P preserves order, it preserves p-norms defined by order.
Appendix
Proposition Al. Let A be an essentially selfadjoint operator affiliated with a von Neumann algebra 501 and satisfying 
